Our results imply that G(Q) is binary if and only if L(Q) is binary and @ has no two vertex-disjoint unbalanced polygons. If CD is not sign-biased, then L(Q) can be binary only if it has a 2-separation. These results are of help in the task, to be completed elsewhere [ 121, of determining all biased graphs with matroid isomorphic to such crucial binary examples as the Fano plane, the dual of G(K,), and Bixby and Seymour's R,,.
We conclude with two examples: the bicircular and even-cycle matroids, where $3 = @ and 93 consists of the even polygons, respectively.
PREPARATION
All our graphs are finite. Loops and multiple edges are allowed. If r is a graph and m a positive integer, mT denotes r with every link (an edge not a loop) replaced by m parallel copies. r' denotes r with a loop added to every vertex, and r(P) denotes r with loops added at p vertices. By subdividing an edge we mean replacing an edge e by two edges e, and e, and a new vertex v so e, and e2 are incident with v and each former endpoint of e is incident with one of them. A graph resulting from r by repeatedly subdividing edges is called a subdivision of IT A theta graph is a subdivision of 3K,. A tight handcuff is a subdivision of two loops at one vertex. A loose handcuff is a subdivision of K;.
Let WC V(T). A bridge of W is a maximal subgraph B of r that is connected through vertices outside W. An edge whose endpoints are in W is considered a bridge. A cutpoint is a vertex having more than one bridge. A block of r is a maximal connected subgraph which, as a graph, has no cutpoint. (This includes a loop or an isthmus.) An end block is a block containing at most one cutpoint. A cutpair is a pair of vertices that lies in a block B and that, in B, has at least three bridges or two bridges of which neither is a single edge.
We adopt as standard notation: @ = (r, g) is a biased graph, r= (V, E) = /@I is the underlying graph. We call &? (or rather, its complement in the polygon class) the biasing of @. A subgraph or edge set in @ is unbalanced if not balanced, contrabalanced if no polygon in it is balanced. A graph r regarded as a balanced biased graph is denoted by [r] . A subdivision of @ is a subdivision of r with the obvious biasing. The restriction of @ to an edge set S, denoted by @ 1 S, is the subgraph (V, S) with biasing G?(@ 1 5') = (C E 28 : C lies in S}. The contraction of @ by an edge set S, written CD/S, is defined as follows. Its vertex set is the set n,(S) = ( W : W is the vertex set of a balanced component of (V, S)}. Let W(V) denote the set WE n,(S) containing u, if one exists. If e E E\S has endpoints u, u, then e becomes an edge of Q/S with endpoints W(u), W(v) if both exist, an unbalanced loop at W(u) if W(u) exists but W(u) does not, and is discarded if neither W(u) nor W(U) exists. A polygon C in Q/S is balanced if C is the contraction of a balanced polygon in @. (This definition is simplified from that in [9] .)
A minor of a (biased) graph is any contraction of a subgraph. A signed graph consists of a graph and a sign labelling of the edges. We write [C] for the sign-biased graph derived from a signed graph C by the rule stated in the Introduction.
Particular signed graphs are +r, whose underlying graph is 2r, with one edge of each pair labelled + and the other -, and -r, whose underlying graph is r, with every edge labelled negative. By +r' we mean +r with a negative loop at each vertex.
Let Q1,..., Qk be biased graphs, each having an ordered pair of distinguished vertices, (ui, vi), where ui # v,. Their unbalanced parallel connection P(@, ,..., !Dk) is the biased graph obtained by identifying u1 ,..., uk to a point u and vi,..., vx-to a point u and letting the balanced polygon class be iq@,)u ... uLB(@k). We assume acquaintance with matroid theory as in [6] , for example. Some minor differences: The four-point line L4 is the uniform matroid of rank two on four points. A k-separation of a matroid M is a partition of its points into FI and F2 so that lFil 3 k and rkF,+rkF,<rkM+k-1.
(1.1)
The k-separation is exact if equality holds. We call A4 k-connected if it has no (k -1)-separation. We write M ) S for the restriction of M to S and MJS for the contraction by S. A minor of M is any contraction of a restriction. A matroid is binary if it is isomorphic to the linear dependence matroid of a set of vectors over GF(2). Tutte's famous characterization [5, 5. 351 is that a matroid is binary if and only if no minor is isomorphic to L,.
The bias matroid G(Q) of a biased graph is the matroid whose point set is E and whose circuits are the balanced polygons and contrabalanced handcuffs and thetas [lo] . The rank function of this matroid is rMS) = n -bdS)l for Sz E.
G has the properties that G(@ 1 S) = G(Q) ( S and that G(@/S) = G(@)/S with perhaps some matroid loops deleted.
The /z$! matroid L(Q) is the matroid on E whose circuits are the balanced polygons, the contrabalanced thetas and tight handcuffs, and the pairs if S is a balanced edge set, n + 1 -c (S\e,) if S is unbalanced.
L, has the properties that L,( @ 1 S) = L,( @) 1 (S u (eO}) for S c E and that L,(@)/S= L,(@/S) if S is a balanced edge set, G(I'/S)@ (e,), if S is an unbalanced edge set (where (e,)
. denotes e, as a matroid loop), and G(T/(S\e,)) if e,&SzE,.
BINARITY
The first step is to find the biased graphs with matroids that are minimally non-binary. PROPOSITION 2.1. Let @ be a biased graph. Then
If @ has no loops, then
Proof. Since L, is 2-connected, @ is connected for each of the three matroids. Therefore its order is rk(L,) = 2. The result is now immediate. 1
Now we begin to state and prove the main theorems. (i) L,(Q) is binary.
(ii) CD has no contrabalanced theta subgraph. (iii) @ is sign-biased.
has no L4 minor o no contraction of @ by a balanced edge set has a contrabalanced triple edge o (ii).
The equivalence of (ii) and (iii) is a restatement of [7, Theorem 61. i THEOREM 2. A biased graph CD has binary lift matroid L(Q) if and only zf @ is sign-biased or has a single unbalanced component which is an unbalanced parallel connection of three balanced graphs.
We prove Theorem 2 together with a lemma concerning the bias matroid.
LEMMA 2.2. Let @ be a connected biased graph that is not sign-biased. For G(Q) to be binary it is necessary and sufficient that @ be an unbalanced parallel connection of three balanced graphs.
For the proofs we need a lemma. ProoJ: Consider a biased K4 that is not sign-biased. So it contains a contrabalanced theta, which must be K4 with an edge deleted, say K,\e,,. Since the quadrilateral e12e23e34e,4 is unbalanced, at least one of e,*ez3e13 and e14e34e,3 is unbalanced; let us say the former is. If we contract e12 and ez3 we get a contrabalanced 3K, with an unbalanced loop e13 at one vertex. This has lift and bias matroids isomorphic to L,, so the lift and bias matroids of the biased K4 are not binary. Now suppose KE @ is a subdivision of K4 that is not sign-biased. By contracting suitably we get a K4 as in the first paragraph, contradicting binarity. f
Proof of Theorem 2 and Lemma 2.2. In view of Theorem 1 we need to prove that, assuming @ is not sign-biased, L(Q) or G(Q) is binary if and only if @ is an unbalanced triple parallel connection of balanced graphs.
Suppose it is such a connection, say @ = P(Qj,, Q2, Q3) where each dii is balanced. Then in @ no two unbalanced polygons can have no or one common vertex. Also, no subgraph is a subdivision of (4K,, 0). Thus @ contains no subgraph that contracts by a balanced or unbalanced edge set to any of the three biased graphs having lift or bias matroid isomorphic to L,. So L(Q) and G(@) are binary.
For the converse we assume @ has a contrabalanced theta subgraph U with trivalent vertices x and y.
For L(Q), suppose there were a second unbalanced block, not containing U. Then U together with an unbalanced polygon in the second block forms a subgraph that contracts to a contrabalanced 3K, and an unbalan-ted loop. The lift matroid of this is L,. Hence L(@) was not binary, contrary to hypothesis. So @ can have only one unbalanced block.
For G(@) we may assume 9 is connected because G(@) is the direct sum of the bias matroids of the components of @. If there were a second unbalanced block, say containing an unbalanced polygon C, then by contracting a path linking C and U (if they are vertex-disjoint) and suitable edges in C and U we get (3Ky', a), whose bias matroid is L,. So we may assume @ has only one unbalanced block.
In both cases we may as well discard the balanced blocks. Henceforth we asuume r= I@\ is 2-connected.
Let P, , P,, P, be the three paths of U from x to y. Suppose @ had a path from an interior vertex of P, to one of P,, otherwise disjoint from U. Then we would have a K4 subdivision that is not sign-biased, contrary to Lemma 2.2. It follows that .XJJ is a cutpair with P,, P,, P3 in different bridges.
Let S,, Sz,..., S, be the bridges of .xy, labelled so Pi c S, for i = 1, 2, 3. We show that each bridge is balanced. Suppose there were an unbalanced polygon C in some S,, j> 3. Then U v Cu Q, where Q is a path connecting U and C, would contract to (3K(,'), a), an impossibility. Thus S, is balanced. As for Si, i G 3, let C be an unbalanced polygon in Si, if one exists. Case 1. If C has at most one vertex in common with Pi, the argument given for S, yields a contradiction. Case 2. If Cn P,= P, a path of positive length not equal to all of Pi, then in @,jP we have Case 1. Case 3. If P, c C, then C is the union of two internally disjoint paths Pi and Q from x to y. Since Q c Si, there is a path R joining an interior vertex of P, to one of Q and otherwise disjoint from C. Cu R is an unbalanced theta graph, so at least one of its two polygons containing R is unbalanced. Letting that polygon take the place of C, we are in Case 2.
Case 4. If Cn P consists of two or more disjoint paths (of length possibly zero), iet C be chosen to have the most common edges with Pi. (The number of common edges may be zero.) Let Q be a path in Pi from u to u, vertices of C, and otherwise disjoint from C, and let Q' be a segment of C from u to v. Supposing Q v Q' balanced, we could replace Q by Q' in C to form a polygon C' sharing more edges with Pi yet still unbalanced. Supposing Q u Q' unbalanced, we could get a subdivision of (3K$'), 0) by contracting Q to a point. Neither case is possible. Thus Si is balanced.
Let Pj be an xy path in S,, j > 3, if k > 4. According to [ 11, Lemma 11,  whether Pi u Pi is balanced or not depends only on i and j. If all polygons P, u P, (for i = 1,2, 3) were unbalanced, then P, u P2 u P, u P, would be a subdivision of (4K,, @), which is not possible. Therefore there is a unique Pi, id 3, for which Pi u P, is balanced. We write i= i(j). Let Tt be the union of Si with all Sj such that i= i(j), for i = 1, 2, 3. Suppose ri contained an unbalanced polygon C. Since each Sj is balanced, C must be the union of xy paths Q, and Qk where Q,c S, E T,, Qk & Sk c T,, and j# k. By [ 11, Lemma 11, P, u P, is unbalanced. Since we have balance if j = i or k = i, we may assume j, k # i Then Pi v P, v P, is a theta graph containing two balanced polygons, hence is balanced. This contradiction shows that T, is balanced.
We have shown that each T, is balanced and @ is the unbalanced parallel connection of T, , T,, and T, , as required. 1
To complete the characterization for the bias matroid we have to decide when a sign-biased @ has a minor with bias matroid L,. (1) It is balanced.
(2) It is the unbalanced parallel connection of three balanced graphs.
(3) It is sign-biased and has more than one unbalanced block and each unbalanced block Bi has a vertex vi such that Bi\vi is balanced and vi is a cutpoint separating Bi from all other unbalanced blocks. (Recall that we count a loop as a block.) (4) It is sign-biased, has just one unbalanced block, and has no two vertex-disjoint unbalanced polygons.
Proof We may assume @ is connected. In view of Lemma 2.2 we may assume that @ is sign-biased. We may also assume each end block of r is unbalanced. We seek to determine all such @ for which G(@) is binary.
The only way G(Q) can fail to be binary is if it contains a subgraph contracting to [ + K;]. Thus G(@) being binary rules out @ having a vertexdisjoint pair of unbalanced polygons in the same block. IFor, suppose C, and C, were two such polygons. Then there exist vertex-disjoint paths P and Q joining C, to C,. There is an unbalanced polygon D in C, u C, u P u Q using P and Q. Let Ri be the portion of D in Ci. Then, contracting R, and Rz, we have a subdivision of [ + K;], an impossibility.
If @ has only one unbalanced block and no two vertex-disjoint polygons, then G(@) = L(D), which is binary. Thus we have solved the case where @ has one unbalanced block.
If Q, has more than one unbalanced block, let T be the block-cutpoint tree off. If there is an unbalanced block that lies between two others in T, then we have a chain of three unbalanced polygons C1, (CZ, C, and con-netting paths P,, and Pz3, where C1 and C) are vertex-disjoint. This contracts to [ rf-KZ]. Thus every unbalanced block Bj is an end block. Let vi be its vertex of attachment to the rest of @.
Suppose some Bi\vi were unbalanced. Then B, would contain an unbalanced polygon C, avoiding vi and two internally disjoint paths P, Q from vi to distinct points on Ci. Let us join this by a path R to an unbalanced polygon in another block. Let D be the unbalanced polygon in P u Q u Ci containing P v Q and let R, = D n Ci. Contracting by R u R,, we have a subdivision of [ $-&.I, which is impossible. So all B,\v, must be balanced and we are in case (3) . Now it is clear that no subgraph of @ can contract to [SK;]. So G(@) is binary. 1
To have a really good characterization of the biased graphs for which G(@) is binary we must characterize those 2-connected sign-biased graphs having no two vertex-disjoint unbalanced polygons. There are two cases: where there is a vertex 0 such that @\v is balanced (for which see [ 111; in this case it is easy to see that L(@) = G(@) is graphic), and where there is no such vertex. The latter is the case that requires better characterization. If the graph is 4-connected, Lo&z and Schrijver have solved the problem [a]. Their method, whose details I do not know, appears to be different from the excluded-minors approach to be initiated in [ 121. Proof The only possible doubt concerns matroid circuits not contained within a Ti. In each case they are of the form P, u P, u P, where Pi is a simple path in Ti from ui to ui. 1 COROLLARY 3.2. Let @ be a biased graph. Zf G(@) or L,(Q) is binary, it is isomorphic to the matroid of a signed graph. PROPOSITION 3.3 . Under the conditions of Proposition 3.1, G(P) has the exact 2-separation E(T,), E(T,) u E(T,), provided only that jE(T,)/ 3 2.
ProoJ Let ni = 1 v(r,)l and Ei = E(TJ. We may assume each Ti is connected. Then rk(E,) = n, -1 and rk(E, u E3) = n, + n3 -2. Also, rk(P) = n, + n2 + n3 -4. Thus (1.1) holds with equality if k = 2. 1
CONSEQUENCES
If we want to decide whether a matroid of Q, is regular, or graphic, or cographic, it is helpful to determine those !P whose matroid is one of the crucial ones for the structure theory of regular and graphic matroids, that is, the Fano plane, G(K3,3), G(K,), their duals, and Bixby and Seymour's Rio. This we do in [12] . To narrow the search it is helpful to have some corollaries of the results of Section 3. is the bicircular matroid BG(T) of Sirnoes-Pereira [4] . Let BL(T) = L(T, a) and B&(T) = L&T, @) be the corresponding bicircular (complete) lift matroids. A cactus is a connected graph whose blocks are polygons and single edges. A subgraph of F is an isthmus tree if it is a tree whose edges are isthmi in l7 Matthews [3, Theorem 5.11 has characterized the graphs for which BG(T) is binary, regular, or graphic. We can extend his result by means of our classification. (For definitions of terms in the second paragraph of Corollary 5.1 see [6] .) COROLLARY 5.1. Let F be a graph and let A4 = BG(F) or BL(T) or B-b(r).
For M to be graphic, cographic, regular, or a series-parallel network, it is necessary and sufficient that it be binary.
For BG(T) to be binary it is necessary and sufficient that each component be a theta graph with attached trees, or a cactus containing a vertex or isthmus tree that separates all the polygons.
For BL(T) to be binary it is necessary and sufficient that each component of r be a cactus or that F have one block a theta graph and all others isthmi.
For BL,(T) to be binary it is necessary and sufficient that each component of r be u cactus.
Proof For the characterizations of binarity see Theorems 1, 2, and 3. The equivalence of binarity with graphicity, etc., follows easily from the cactus-and-theta characterizations and the descriptions in [12] of those biased graphs whose matroids are any of the minimal nongraphic, etc., matroids.
1
The third natural bias on a graph is that in which 59 consists of all even polygons. Then G(Q) is the even-cycle matroid of r (Doob [l] ), which we denote by EG(T). We let EL(T) and EL,(F) denote the even-cycle lift and complete lift matroids. (1) It is bipartite.
(2) It has only one nonbipartite block, which contains no two vertexdisjoint odd polygons. 
